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whether the back reaction is consistent with the de Sitter symmetry) is analyzed. 



Abstract: The approximate late conformal time wavefunction for self- interacting 
scalar quantum fields in de Sitter space is computed. It dominates for conformal 
times much larger than a certain critical value, rj = ?7 crit which depends on the 
dimension and on other characteristics of the matter fields. Its self-consistency (i.e., 
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1. Introduction 

The object of the present paper is to propose a candidate for the quantum field wave 
function corresponding to late conformal time in de Sitter space in Schrodinger's 
picture. 

The metric of n-dimensional de Sitter reads, in conformally flat coordinates, in 
terms of a conformal time, 77 

2 _ 2 dri 2 -YZjliSjjdx'dx' 

r] 2 

Here I = jj is the radius of de Sitter space, the inverse of the Hubble constant, H. 
Expanding Friedmann-Robertson- Walker (FRW) coordinates are defined by 

T) = -H e~ Ht 

such that 

ds 2 = dt 2 - e 2Ht 5 ij dx i dx j 

The asymptotic limit in this sense is then t — >■ oo that is, 77—7-0. The conformal 
time runs from 77 = —00 (when t = —00) to 77 = (when t = +00). 

An interacting scalar field in de Sitter space is equivalent (modulo some boundary 
terms) to a field in flat space with conformal time-dependent mass [1]: 

2/ n ^ 2 

where 

9 m 2 n(n — 2) 

m s TP i— 

and quartic self-coupling dressed with a factor [1] 

\{Hr,) n ~ 4 
To be specific, the minkowskian lagrangian for the dressed field 

1 — n 

(f) = (Hrj)^~'ijj 

(where ip is the standard canonically normalized scalar field propagating in de Sitter 
space) reads 

This naively means that for low dimension (id est, n < 3), the asymptotic limit 
(77 — > 0) is strongly coupled. Nevertheless, when n = 3 the mass term still dominates 
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asymptotically. Only in two dimensions the interactions are of the same order as the 
mass term. 

For high dimension (n > 4) instead interactions are negligible asymptotically, 
and the field is infinitely heavy in the limit. The wavefunctional in this limit is just a 
free wavefunctional with time dependent mass. The physically most interesting case 
n = 4 is a marginal one, with time-independent quartic interaction. 

The meaningful comparison stems from the energy content of both terms. This 
tells us that the quartic coupling is negligible as long as 

^ 2 (H V )^ 2 « 1 

__ n — 2 

Putting = v ~ H~2~ (a benchmark value) this yields 



1 / m 2 \ 



n — 2 



Vcrit - H* \\p) 

so that for 

V » r, icrft 

the mass terms dominates. 

In momentum space for the spacelike coordinates (that is 

(2^=1 e%kx Mv)) 

the field equation reads 

It is plain to check the flat limit of the above by taking H — >■ with 

The general solution of the equations of motion is easily found to be 

<j)(k) = d r] 1/2 Mkri) + C 2 V 1/2 Y u (k V ) 

with 

VI - 4m 2 

v = 

2 

In our case we would like to consider a self-interacting charged scalar field in de Sitter 

space (corresponding to a couple of ordinary scalar fields) as an example (nothing 
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physically important is expected to depend on this assumption). Any such solution 
goes to the usual plane-wave solution in Minkowski space-time when 77 = —00. The 
behavior of the solution near rj = actually tells us that interactions are negligible 
only if the spacetime dimension is strictly bigger than four, n > 4 as advertised. On 
the other hand, the character of the solution changes steadily depending on whether 
rh 2 > 1/4 (in which case v G R) or rh 2 < 1/4, where v E I. The boundary case is 
v = 0, corresponding to rh 2 = 1/4. 



2. Heat Kernel for Time Dependent Hamiltonians 

Consider the formal didgonalization of a time-dependent hamiltonian 

H(t)</> n (x,t) = E n {t)(f) n {x,t) 
^2<j)* n (x,t)(f) n (y,t) = 5 xy 

n 

dx(f>n(x,t)<f) m (x,t) = S nm 
Define the anti-hermitian matrix 



B r , 



¥j>r, 



>M 



-B* 



(that is, the matrix B is anti-hermitian, B + = —B) 
and 

k 

The ansatz 

ip = y^Cn(t)0 n (rr,t) 

n 

leads to the matrix differential equation for the vector 

/ Cl \ 

c = 

w 

to wit 

c= (-iE + B)c 

where E = diag(E Q , Ei, . . .). 

This is equivalent to the integral equation 

c(t) = J dt' (-iE + B) (t')c(t') + c(t ) 

J to 
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whose solution can be written as 

n 

We can now make the educated guess (we follow conventions as in [2]) 
K(xt;yt ) = tr</>(x,t)T e "' /*>-<*)('') <V(z/,*o) 

We have by definition 

lim K (xt; yto) = S(x — y) 

t-t-to 

Clearly this construction solves Schrodinger's equation, because, 

H x K(xt;yt ) = tr </>(x,t)E{t)T e^* 1 -*™ dt '<jf{y,t) 
as well as 

id t K (xt; yt ) = ij> x T<f>* y + </> x (E + iB)T e -* %&-&)<?) ^^ = 

-t<P x BT e -* &*-****) di V; + <p x (E + iB)T e -* &*-**>& "ft = 

tr <j)(x,t)E(t)T e- i! ^ E - iB){t,) d ''0*(y,t o ) (2.1) 

It is also possible to prove the convolution 

dy K(x, t; y, t ) K(y, t ; z, t) = S(x - z) 



In practice it is usually simpler to compute Feynman's kernel (the Green's func- 
tion for Schrodinger's equation), through the path integral formula 



PX[t)=X b 

K[x b ,t;x a ,t ] = Vy e 

J x(tn)=x„ 



x(t)=x b 

iS[x c +y] 



>x(to)=x a 

where we have split 

x(t) = x c (t)+y(t) 

Both classical and quantum pieces are subject to Dirichlet boundary conditions: 

x c (t Q ) = x a 

x c (t) = x b (2.2) 

whereas 

y(t ) = y(t) = 0. 
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3. The Heat Kernel in de Sitter at r\ > r] cr it 

As has been already remarked in the Introduction, the result of mapping a charged 
scalar complex field in de Sitter space to Minkowski space-time results in a charged 
field with time-dependent mass: 

S= [d n x (d^dy-^A = /^^(0^0)-0*fn + ^ 0(3.1) 



We have identified now the minkowskian time with the de Sitter conformal time 

t = —r] 
in order for it to run over the real half-line 

< t < oo. 

The metric of de Sitter space reads 

I 2 
ds 2 = — i]^ u dx fJ 'dx' / 

The functional integral yields 

K[t,t }= e^det(n + ^ X 
where the classical solution that obeys the boundary conditions 

4>c{to) = 4>a 

4>c{t) = <p b (3.2) 

The determinant corresponds to quantum fluctuations obeying Dirichlet bound- 
ary conditions 

y(t ) = y(t) = 

In order to compute it, consider a deformation of the D'Alembert operator 

such that it interpolates between the ordinary flat d'Alembertian for £ = and 
the operator we are interested at £ = 1 

n x (£ = i) = a + m 2 (t) 

Assuming a formal diagonalization (with Dirichlet boundary conditions) 

D x(Os/n(£;a;) = \ n (t)y n (t;x) 
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which can be orthonormalized 

(y n (€; x)\y m (& x)) = Snm 

(where the eigenvalues are independent of x). It follows that 

Re {y n (£;x)\dzy n (Z,x)) = 

and deriving the eigenvalue equation with respect to the deformation (as well as its 
complex conjugate) 

m 2 (t)y n (£; x) + □$%„(£; x) = d^\ n y n (^, x) + A n % n (£; x) 

dsUO = (yn(0\m 2 (t)y n (0) 
The Dirichlet Green function is defined 

r <r J\ = Y" yn(&x)yn(Z;x') 
* ( ' X) ~^ A n (0 

It inherits the boundary conditions from the complete set of solutions. 

Gz(t a ,b,x') = Gz(x,t a ,b) = 

It follows 

E ¥# - E {Vnm f^ Vnm = m 2 (t)G,(x,x) 
A n (£) *-^ A n (4) 

The determinant is formally defined as 

detn ? = JjA n (0 
Then 

<%log detD^ = V ^^ = tr m 2 (t)G^x,x) = [ d n x m 2 (t)G^x,x) 

Fourier transforming the spatial coordinates the equation for the Green function 
reads 

(d 2 +k 2 + m 2 (t)) Gt(t, £'; k) = S(t - t') 

and the problem reduces to an essentially one-dimensional one. We only have to 
remember that 

P rl n ~ 1 k 



d n x m 2 (t) G((x,x) = K-i / (27r)w _ 1 / d* m 2 (t) G fc (M) 
where 14.-1 = / d n ~ 1 x is the total spacial volume. 
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There is a trick for computing this trace in quantum mechanics (confer [7]). Start 
from an arbitrary fundamental solution, built out of two again arbitrary solutions 
through 

A / a _ yi{x)y 2 {x') -yi(x ; )y 2 (g) 
€ ' ~~ yii.x)y 2 (x) - y 2 (x)y 1 (x) 

It obeys (no matter what the boundary conditions for the seed one-dimensional 
functions y\ and y 2 were) 

□ ? A 5 (x,x') = 5{t-t') 

A c (x,x) = 

d t A^x,x% =t , = -l (3.3) 

The derivative with respect to the deformation also obeys 

D^A 5 (t ,t)=m 2 (t)A c (t ,t) 

<Wt ,t)| i=to = o 

d t d^(t o ,t)\ t=to = (3.4) 

It follows that 

<%A ? (t ,t) = J dt' A ( (t,t')m 2 (t')A ( (t ,t') 

so that at the endpoint t = t 

d(At(t ,t)= f dt' At(t,t')m 2 (t')Az(t ,t') 

Now it is a matter of algebra to show that the Dirichlet Green function is given 
for t <t,t' < t, 

,, 0(* - t') A € (t, t)A(t', t ) + B{t' - t) A ? (t, t') A € (t, t ) 

so that it can be written that 

<%A e (t , t) = A ? (t , t) / dt' m 2 (t')G ( (x, x) = A c (t , t)<9 c log detD ? 
It follows that 



/d n ~ k 
— — I ^logA € (t ,t) 

and integrating 

i , i f dn ~ lk i A £=1 (t ,t) 

log detD^D^ = V n ^J epilog 



A ?= o(t ,t) 



The classical solution in momentum space <f) c (t, k) is given in our case by 
<f> a (k)y/iY„(kt) - M^VtoY^kto)) V~tJ u {kt) + ((f> b (k)VtoJv(kto) ~ <j> a $)VtJ v (kt)) V~tY u {kt) 



^/U{J v {kt Q )Y v {kt) - J v {kt)Y v {kt Q )) 
The corresponding on shell action after integration by parts (denoting dfi(k) = 

(2,r)"-U lb 



S c -■ I dfi(k) 4>4>* 

k 



dfi(k) 



J„(kt)Y v (kt ) - J„{kto)Y v {kt) 

\<P b (k)\ 2 (Ju(kt)' Y„(kt ) - Y v (kt)' J v (kt )) - 

The elementary solution is chosen to be 



to J 2t 2hQ 



a (k)\ 2 (j v (kt y Y v {kt) - Y v (kt y ukt)) + 



k-K\/tni 



0' 



MkTMk) + MkW b (k) 



At(t ,t) = iii 2 ^i{J u {kt )Y u {kt) - J u (kt)Y u (kt )) 



where 



"(Z) 



1 - 4£ 2 m 2 



in such a way that 



2m 



A c=0 (to,t) = ^jr sin k(t - * ) 



The heat kernel then reads 



K [*, 4>b] to, 0a] = N exp i dfx(k)k< 



\Mk)\ 2 \Mk)f 



+ 



k 



JbY a — JaYb 

2 



It 2*o 

\Mk)\ 2 (J' a Y - Y' a J b ) + \Mk)\ 2 (J' b Y a - Y b ' J a ) + 



klly/tot 



<f>a(k)*<t>b(k) + <f>a(k)<f>t(k) 



The pre factor N contains the determinant and is given by the highly divergent 
quantity 

-V" ra _lJdM(fc) log A g=1 (t,t ) 

N = C e A «=o('.*o) 

which depends on (*o,*) but is independent on the quantum fields 4> a ,b{k) whereas 
the constant C is independent of (to,t) and contains the normalization and the 
determinant of the free d'Alembertian det □. 
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In spite of its formidable appearance, the heat kernel is still a gaussian functional 
of the fields in momentum space, 

where the Green function 

'H(k;t,to) A(k;t,t ] 



has entries 



G = 

•"' ~ \A(k;t,t ) G(k;t,t ) 



1 ' ' ° J " V 2t J v {kt)Y v {kt G ) - J u (kt )Y u (kt) 

V2t Ju{kt)Y v (kto) - J v {kto)Y u {kt) J 2£ 2£ 

A(fc; *' to) = kny/to(Ukt)Y v (kt ) - J u (kt )Y v (kt)) (3 ' 6) 

The kernel just found yields the evolution of any initial wave function through 
the convolution 

*[t,<j>] = f K[t,^t ,<l>o]^ [Mk)]T>MkWl(k) 

This is the solution of Schrodinger's equation such that 

V[t = t , <f>] = *o[0] 

It can be easily shown that when the mass is time-independent (that is, £ = 0) this 
formula reduces in the one-dimensional case to Feynman's kernel ([5], page 63) for 
the harmonic oscillator with the correct normalization, namely 



TS\ ili 1 / m W i , ■ ™ 1 t t s ({xl+xl) COS CJ (t-t )-2x a X b ) 

K[x b ,t\to,Xa\ = */ _ .. . 77 — — e 2 sin <* c*-*o) ^ v <* ^ ^ 

y 27rm sin w(i — t ) 

Let us first analyze the quite natural instance where the initial wave function 
at t = t is a gaussian one, chosen by simplicity as proportional to the lowest 
energy eigenstate [6] 



where 



G (k) = Lo(fc) = y^ + mg 
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The result of the convolution read 

*[<!>]= N clef 1 (Go - iH) e -fMk)4>l(A(G -iH)-'A- lG (k))^ ^ 

The determinant appearing as a pre factor depends on the boundary time 
values, but does not depend on the quantum fields. 

Another quite interesting case is when the total potential in the original field 
variables corresponds to spontantenous symmetry breaking 

vW = ^(IVf-« 2 ) 

namely 

ifj = <f) = 

This corresponds to and initial wavefunction 

*oM=n*«(^ 

where 5 € is a normalizable approximation to Dirac's delta function. In this case 
we should also make the substitutions 



2 2 , ^ 2 2 , I ^ * v ' 

m — >■ m + —v =m + 



12 V 6 

V ->■ A v 4 = Kac (3. 8 ) 

When the vacuum energy is big enough rh 2 > 1/4, which means that v is purely 
imaginary, v = i\i/\. 

The wave function reads 



tf [0] = AT e 



»J°W«JIWI ^24+ J v (kt)Y v (kt )-J v (kt )Y v (kt) j (3 9) 



If furthermore we imagine that t = i] a = —oo, we can use 

Ji\v\(kt ) (-l)*M e -<Wo-iT/4+iM 

y iH (fc£o) 2i e ^to+f IH+3W4 ~ ° 

as well as 

A(t ,t) ~ "^ 3/2 v/J e 3m / 4 e*/ 2 M e* fct ° J„(fa) 

(Where we have assumed \u\ large). 

The wave function then simplifies enormously: 

tf [0] = TV e % fMk)\4>(W(h+k j -jM) (3 10) 

Being a pure phase this function is not normalizable, not even in a formal sense. 



11 - 



4. Energy- momentum tensor and self-consistency. 

The energy momentum tensor that sources the gravitational field is given by 

r F (s) = a/W + W^-^,^ ({{H^f^d^d^-m 2 ^ 2 ) - ^h 4 

In order for the physical system to be self-consistent, id est to be able to source the 
gravitational field in which it is propagating,the vacuum expectation value of the 
energy- momentum tensor must be proportional to the metric tensor 

<*|7V|*> = ^ = ^p^ 

(with a constant of proportionality: d a T = 0). This completely fixes the admissible 
coordinate dependence. 

In momentum space the non-interacting piece of the energy-momentum tensor 
have got the general structure 

/d n ~ 1 k d n ~ l r> ■ ^ ^ ^ -> 

(27T)™- 1 (27T)™- 1 t%V X ^"^ k) ^ 

where in particular 

h\ = ihlLirAihsrlm] -I- I h ft-i- 

(H V ) 



too(rj,p, k) = ipl(r})ipp(r}) + k.p + — — - ^(r/)^(r/) 



t oi {r),p, k) = ifa - ki)ip* % {ri)ipp{rj) 
Uj(r],p, k) = (kiPj + kjPi) ^(v)tpp(v) + 

jj±_ [(H V ) 2 (i>i(v)Mv) - kWz(v)Mv)) - m 2 r % (v)Mv)] (4-1) 

We can properly dub £^(77, fc,p*) the energy-momentum tensor in momentum 
space, with the understanding that it has to be integrated as dictated by [4] before 
getting the real energy momentum tensor out of it. 

When we are interested in computing global quantities, such as the total energy- 
momentum content 

the integration in position space enforces spacial momentum conservation, so that it 
suffices for those purposes with the diagonal piece of the energy-momentum tensor 
in momentum space 

— * — * — * 

This is enough for our purposes in the present paragraph, in which we would like 
to examine some questions of elementary consistency. 
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Before being able to use in our benefit the mapping from physics in de Sitter 
space to physics in Minkowski space, it is necessary we want to express all results in 
terms of the minkowskian field 



1> = {Hr,) 



n—1 
2 ( 



where the factors of H have been put in so that both fields enjoy the same dimension, 
and use the name t = rj when working in Minkowskian setting [3] 



d n ip = (Ht) 1 



-2 ( n 



-20 
~2~1 



so that 



\d^\ 2 = (Ht) 



n-2 



t 2 



(n-2) 2 |0p 



\0 r 



a ' n -Va 



The diagonal energy density in momentum space reads then 

1 



t 



_= \d v il>z\ + k IV^I 



(Ht) 



n-2 



Wn\ 2 + k 2 m 2 



(Hrj) 2 

n-2 



m |^| = 



i 



2tt2 



m 



(n - 2) 2 H 



The diagonal space-space components of the energy-momentum tensor are 



t tj = 2kik 3 \^ + Sij \d v ip n \ 2 - k 2 1^| 



m 



(Ht) 



n-2 



Zj rCi rC j 



%r+^ 



,n 



(Hr)) 



m 



2^k 



2.2 



kH 



4 H 2 

and the diagonal mixed time-space components read 

-2 



13 



??. 



i^fcl 



(W + 4##) 



1 '■;//. 



(Ht) 



n-2 



Yk 2t 



n — 2 
I M* + ( dt<l>% + -gp 



} k4l 



Next, the energy momentum is mapped into an Schrodinger operator through 

8 



71" T 



dtfe -> -%- 



Tit = d t (j> % -> -i- 



The corresponding expectation values are then given by 



(t tt )=N(t)-(Ht) n -'< 



1 



m 



k 2 (Ht) 2 + 



n - 2) 2 H 2 



S 2 



6Mt)8fa(t) 



n-2 

5 

2t 



m 



kZA* 



+ 



13 



as well as 
(Uj) = N(t)(Ht) n - 2 I V<f> % V& ** [0] 



2k i k J \<f) f ;\ 2 + 5 i3 v - 



:n-2) 



m 
IP 



2+2 



kH 



S 2 n-2. S J_ 



m 



and finally 



(t tJ )^iv(t)(ift)"- 2 1 v^vtpm 



5 n-2 



n-2 
2t 



'i, i h<, 



Assuming rotational symmetry in momentum space, so that 

(tu) = 

(Uj) ~)<% 
What it is needed is, besides, that 

(tij) = -(ttt/Sij 

A sufficient condition 1 for consistency [4] is that 

HV[<t>] = 

where 



U 



6 2 



5Mt)5(j> n (t) 2t 



n ~ 2i [^m> +h(t) mf) 



k 7 



(n-2) 5 

At 2 



\h(t)\' 



which has to hold true for every k. 

Assume the wave function depends only on x 

to 



\ The equation then reduces 



xV 



n-2 



ix 2 1 *' - ( k 



(n - 2)' 



x 2 ^ = 



t " ) ~ v ' 4t2 
It is easy to realize that there are no regular solutions of the above. Indeed, 
analyzing the particular instance of this equation for the global zero mode k — 0, 
whose solutions belong to the kernel of the operator. 



*[ 



rir 



d 2 



-MWJ- 



)(*)■ 



S 



S<j>* (t)5Mt) 2t V W) w <tyo(*) 

we shall show that there are no solutions of this type. 



(n-2) 

At 2 



■\M*)\ : 



In the sense that we force the integrand to vanish, not only the full integral. 
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In order to do that, let us define (from now on, = </>g = g(£)) 

^ ^ n-2 „ 



* s £ +<n i^ (4 ' 2) 

Then 

— TZ — 2 

U = -W + i—-A oo 

where the divergent quantity L stands for 

_ S(j) k= o(t) <rn-i ( Z n\ - \r 

A °° = Yl TIT = ° [k = 0) = V n -i 

d(pk=o{t) 

V n -\ being the spacial volume. (Remember that we are in a fixed-time hamiltonian 
setting.) 

The kernel of T> (which is the same as the one of T>) is generated by 

so that in order to solve the auxiliary equation 

vvm = 

all we have to do is to impose 

t>m = e"'^ 
which yields 



5=Lu|J +/(^) 



The contribution of the zero mode to the wave function is then 

which is clearly not a function of x alone. 

This shows conclusively that the solution of Shrodinger's equation [3.9] gives 
rise to an energy momentum tensor incompatible with the de Sitter symmetry. This 
in turn means that the back reaction of the metric will modify the gravitational 
background. This is presumably the same 2 physical effect of vacuum energy decay 
[8][1]. How important is this effect? In the second paper of [1] a Minkowskian model 
was studied, corresponding to a lagrangian 

2 This clearly cannot be the full story, because vacuum decay vanishes when A = 0, which is the 
case asymptotically for our wave function. 
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with a time-dependent coupling given by 

X(t) = -(1 + coset) 

The model was chosen carefully for its simplicity; yet the results could perhaps be 
useful. It does not map properly to de Sitter space (or to any other conformally flat 
space for that matter) because the mass is kept constant. Yet ignoring this fact, the 
conformal factor would be (denoting as usual conformal time by r\ = t), and wring 
in four dimensions n = 4 for simplicity, 

a{rj) = -(1 + cos r] e) 

If we want it to be a growing function then we have to restrict 

—7i < i] e < 

The proper comoving time is given by 

/ 1 . 1 / sin 7? e 

drj-{l + cos rj e) = -- I rj + — - — 

(the minus sign guarantees that ^ > 0). In that way 

71 

< t c < 

Close to the upper limit 7/e ~ 0, both times are proportional 

t c = -V 

and 

a ~ 1 

4 

The minkowskian vacuum decay rate was found to be 

2 , 2 

r ^ 3 = / dE I(E.e) 

°^ 3072vr 3 J m v ' ; 

with 

r/rn ^(E 2 - 777 2 )(e 2 + 777 2 - 2Ee)(e 2 - 3m 2 - 2eE) 

I ^ E ^ e > = i rr~2 — ^r^ 

777^ + e A — ZeE 
This depends linearly on time (this is just Fermi's golden rule). On the other hand 
the comoving volume grows in three space-time dimensions as 

V c = a 3 (t e ) -1-3^ 

dt c 2 

(remember that t c < 0). This means that, at least in our model, the decay rate does 
not grow as fast as the comoving volume, which is what would have been necessary 
to compete with the vacuum energy or the cosmological constant. 



t 2 e 2 
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5. Divergences. 

Let us examine again the expression for the energy density. It will prove extremely 
instructive to first discuss the situation in flat space. We know from the previous 
paragraph that 

Let us concentrate in the expectation value of the energy-momentum tensor in mo- 
mentum space. 



>*\t u (r),k,p)\*) = N(t) / VfcVfe ** 



wm +u{hpfm : 



*M 



(with u(k,p) 2 = k.p + m 2 ) and where the gaussian wave function [6] 

which corresponds to the standard Minkowski vacuum 3 is employed. 
A straightforward computation yields 

^\t tt (r],k,p)m = N(t) (-cu{k)6( n ~V (>_ £} + (u(p)u(k) +co 2 (k,p)) J^ M (p~ fc 
iV(t) cj(fc)<5 (n_1) (p- k) (5.1) 



3 Formally 

TV 2 = dct w(fc) 

Regulating it through zeta function leads to 

log N 2 = / .log — 

Now the integral can be easily computed 

I{m 2 ) = /" (T - ^ log(/c 2 + m 2 ) 

is such that 

7T^= /cf l - 1 A ; -^^ = m"- 1 7 r ! ^ i r(l-n/2) 

so that 

J(m 2 ) = m 1+n 7r zl T i r(l - nil) + C 

n + 1 

where C is a mass-independent constant. All this yields 

log N = l^- n I(m 2 ) + D{n) = i M i-»_?_ m i+» 7r ** 1 r(l - n/2) + C(jm) 

2 I n + 1 



where again, D(fi) is a mass-independent constant. 
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conveying the fact that the total energy density of the Minkowski vacuum is inde- 
pendent of the position and given by the formal sum of zero point energies through 



p(t) = N(t) 



d n ~ x k u(k) 
(27r) n " 1 (2vr) n - 



which diverges as a momentum cutoff A™. Vacuum energy densities are usually 
expressed as differences between the total energy density in the physical situation 
considered and this reference vacuum energy density. 

Let us now turn our attention to a different theory in Minkowski space, namely 
the one coming from the mapping from de Sitter space. 



<tt|t„(77,p, fc)|tt> = N(t)-(Ht) n - 2 I V^V^ vT[0] 



5 n-2 

k 



5 n-2 



m 



+ k.p) 4>U>s 



\(Hty 

where in general 



m 



*[t, 



K[t,cf>;t ^]%[^m- k 



In the simplest physical situation where the initial wave function is the lowest energy 
gaussian one [3.7] 



■q/[ ( f > ]=j\f e - J" **(*)*£ v ^ H 



(5.2) 



with M and D are given by 



M = det -1 (G - iH) 

V(k)= /\(k)(G (k)-iH(k)y l k + G(k) 



(5.3) 



It is important to realize that the operator T>(k) is still diagonal in momentum space. 
It follows that 

(V\t u (r),p, k)m = N(t) l -(Ht) n - 2 [vfcVfc vT[0] \v(k)5 n -\p- k) - P(fc)£>(pW0!-+ 



*-^ (<!>&?+ tf$t) 



m 



(my 



k.p 



n-2 
2t 



J k^P 



*f 



The gaussian integrals are easily done using the corresponding propagator 

1 



V~\k,p) 



V(k) 



S n ~\k-p) 
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namely 

N ^ m ^ 2 (^ + «■?+ (^) 2 ) ^r l{p ~- %) i5A) 

The energy density then reads 

lf/ ,l. v„ o /" d™" 1 *; / m 2 , 9 /n-2\ 2 \ 1 . , 



The explicit expression for the inverse propagator 4 reads 



p= .ferv»siw«)y.(«.)-j.(«.w«))>l Gow-if-^+* ssss:s>sr 



2t ' J„(fct)Y I ,(fcto)-J I ,(fcto)Y^(fct) 

1 ^(H)n(H )-y;(H)j,(fct ) \ 

2t J u {kt)Y„{kt ) - J u {kt )Y u {kt) J l ' j 

All divergences of the energy-momentum tensor in the ordinary Fock space quan- 
tization (as reviewed, for example, in [3]) are formally encoded in the former expres- 
sion [5.5] (confer [4] for a similar analysis). 

It is expected that these divergences are renormalized by the usual counter terms 
in the gravitational action. In the absence of a detailed study, all previous results 
remain at a formal level. 



4 The determinant needed for normalization can be easily denned via zeta-function leading to 

log det V = n log /x ((0) + — ^ J d'^k J dt log V(t, k) 

(5.6) 
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6. Conclusions 

We have computed the wave function of a charged scalar field al late conformal 
times, where the word late refers to a critical time r) cr it that depends on the matter 
content. This physical problem can be mapped to the problem of computing the 
wave function for a charged scalar field propagating in Minkowski space-time with a 
time-dependent mass. 

It is easy to show that the energy-momentum tensor computed out of this wave 
function cannot be compatible with the de Sitter symmetry, so that the back reaction 
of the matter on the background metric will in general draw the space-time metric 
out of the de Sitter space; there is no self-consistency 

It can be argued from physical grounds, however, that at least in some com- 
putable examples previously studied ([1]), particles created through vacuum decay 
are diluted by the expansion. 

A final caveat stems from the fact that the divergences appearing in the com- 
putation of the energy-momentum tensor indicate the need of renormalize the said 
energy momentum tensor as a composite operator through counterterms in the grav- 
itational action. This renders the previous analysis somewhat formal in the absence 
of a detailed study (cf. however [9]) , although we believe it to be physically correct. 
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